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Abstract— Safety-aware motion planning remains a challenge
in robotics, especially when missions are time-critical and
are under complex specifications. In this paper, we propose
safety-aware-stl-mppi, a computationally efficient sampling-
based receding-horizon planning framework designed to pro-
mote satisfaction of constraints expressed in Signal Temporal
Logic (STL). Our approach encodes discrete-time STL formulas
into candidate time-varying control barrier functions (CBF),
which are integrated into a model predictive path integral
(MPPI) controller. Our method inherits the benefits of low
computational cost from an efficiently parallelizable sampling
based planner and utilizes CBF for constraints expressed in
STL. We compare against several MPPI baselines using four
artificial Mars Rover planning case studies with a diverse
environment and cost setups, where we show our method
consistently achieving high safety and efficiency. We show a
quadcopter planning experiment with NVIDIA Isaac Lab.

I. INTRODUCTION

Signal temporal logic (STL) [1], [2] arises as a commonly-
used formal language that can express a rich set of real-time
spatio-temporal safety and mission level requirements. For
instance, STL has been used as a specification language for
the responsibility sensitive safety model [3] for autonomous
vehicles. Planning in STL with rigorous safety guarantees
has been studied in [4], however with a high computational
cost from solving mixed integer programs. Realizing this, [5]
proposes control barrier functions for STL specifications over
continuous-time systems, which lead to convex programs
given quadratic cost functions. Encodings for discrete-time
stochastic systems have been studied in [6]. In real-life
applications, however, cost functions are generally noncon-
vex. Realizing the computational difficulty in such planning
problems, sampling-based planners such as Model Predictive
Path Integral are studied for general motion planning.

Model predictive path integral (MPPI) has been proposed
[7], [8] to solve optimal control problems by sampling the
control inputs from a normal distribution and executing a
weighted average over the rollouts based on performances.
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MPPI is easily parallelizable and has optimality guarantees
[9]. The works in [10]-[12] took the first step in using STL
specifications as the cost function in MPPI design. Ensuring
satisfaction of general STL formulas remains unresolved.
In this paper, we view safety as satisfaction of a user-
defined STL formula. We propose safety-aware-stl-mppi
(Figure 1), a safety-aware sampling-based receding-horizon
control strategy under STL specification with general cost.
Particularly, given a specification in STL, we first construct a
time-varying control barrier function adapting the approach
of [5]. We incorporate the CBF in weighting the samples
from our planner and design an efficient projection of the
MPPI weighted rollout onto the CBF zero-superlevel set to
promote STL satisfaction. We summarize our contributions:

o« We propose safety-aware-stl-mppi, a sampling-based
receding-horizon planner that incorporates STL specifi-
cations as CBF-informed constraints while minimizing
a user-defined cost function.

o We adapt the time-varying control barrier function en-
coding for STL formulas from [5] to discrete-time and
design a lightweight projection toward satisfaction of
the associated CBF constraints.

e We present numeric case studies and a quadcopter
simulation in Section V. The empirical results show
that our algorithm achieves high safety, not attained
with other MPPI baselines. We additionally demon-
strate the computational efficiency of our approach.
We release codes associated with the algorithm at
https://zhaoy37.github.io/safety-aware-stl-mppi/.

A. Related Literature

Planning with Temporal Logic. Temporal logics are
extensions of propositional and predicate logics to describe
timed system behaviors. Linear temporal logic (LTL) [13]
and STL [1], [2] are rich specification languages widely
used for planning. Abstraction-based temporal logic planning
[14], [15] constructs discrete abstraction over systems and
uses graph-based planning. Optimization-based approaches
use mixed integer programs [4], which are expensive to
run online. Control barrier functions are used to encode
STL specifications [5], leading to convex programs when
the cost functions are restricted to be convex. Computation-
ally efficient sampling-based methods are proposed in [16],
[17]. Recently, diffusion models [18], vision-language-action
model based approaches [19], and neural predictive models
are used in [20] for STL-based trajectory generation and
planning but without safety guarantee. Different from these,
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Fig. 1: Safety-aware-stl-mppi: The top row highlights the STL motion planning problem with an STL formula ¢. Our solution is on the
second row, where we rely on a time-varying CBF h?, which encodes the region consistent with the STL constraint with its time-varying
zero-super level set (shown in orange). We plan with MPPI using CBF informed weighted rollout, and project any weighted rollout (dashed
green) violating the CBF into the safety region (solid green). The planning works in receding-horizon with a closed-loop trajectory (in
yellow) satistying ¢. The drawings in the figure are hypothetical. We show drawings in a case study in Section V.

we focus on addressing satisfaction in STL on an MPPI
planner with customized cost functions that can differ from
the STL constraints.

Model Predictive Path Integral. Model predictive path
integral (MPPI) was proposed in [7], [8] as a sampling-
based receding-horizon controller. Reach-avoid specifications
are considered in [12], [21] where time-invariant barrier
functions are considered to ensure safety. Path-integral based
offline policy learning methods in continuous-time are pro-
posed in [22]-[24] for STL tasks but are not designed
to be optimized in closed-loop and guarantee satisfaction.
Differentiable STL robustness is used as the objective of
a Stein variational path-integral optimizer for long-horizon
open-loop trajectory synthesis [25]. The work closest to ours
are [10], [11], [26]-[28], which augment STL satisfaction
as part of costs in MPPI rollouts. Existing cost-only MPPI
methods do not provide a direct connection to a formal
sufficient condition for STL satisfiaction. Our method is
grounded in an exact STL-CBF condition, while its nominal
real-time implementation approximates this condition. We
introduce the baselines in detail in Section V.

II. PRELIMINARIES

Consider a control system of the form x;11 = f(¢,us) ==
fo(zy) + g(zy)uy with t € Zsg, where z; € R" and
up € U C R™ are the state and input with actuation limit
U, assumed to be box constraints (i.e., the constraints are in

the form e} u; < Upmax,i OF —€l u; < —Umin,i, Where i €
{1,...,m}, e; is the i-th Euclidean basis vector, and

Umin,is Umax,i € R). Assume fy : R® — R" and g : R" —
R™*™ are Lipschitz continuous and differentiable.

We consider in this paper a fragment of signal temporal
logic (STL) specifications following [5]. We refer readers
interested in the general syntax and semantics to [1], [29].
The STL syntax is defined recursively as follows

=T [ |1 | o1 A pa,

(D
¢ = Glay® | Flan@ | ©1Uaye2 | o1 A 2 | @

where 1 and @9 are of type ¢ and ¢; and ¢o are of type
¢. We denote the Boolean True and False with T and L
respectively. We emphasize that the atomic elements of an
STL formula are the predicates 7 : R™ — {T,_L}, which
are defined via a predicate function p : R™ — R such that
w(xy) == T if p(zy) > 0 and w(a) = L otherwise. Let us
define o (11, 72) = [11,72]N{0,..., H}, where we assume H
is sufficiently large to capture the finite-length specification
(see [30] for computing lower bounds of H). We say that x
satisfies an STL formula ¢ at time 79 if (x,79) = ¢ and

(x,70) E 7 < p(x.,) >0,
(:U,To) ): - & —\((1’,7'0) ': Wu)v

(,70) E @1 N2 & (2,70) o1 A (2,70) 2,
(z,70) F Gy < V1 € 0(10+a,70 +b),(z,7) | ¢,
(x,70) F Flapp & 31 € 0(10 +a,70 +b), (2, 7) | ¢,

(x,70) E ¢1Ujap)p2 & 311 € o(10 +a,70 +b), (z,71) = @2
AV1o € o(10,71), (2, 72) E ¥1,
(z,70) F ¢1 A2 & (2,70) F 1 A (2,70) F b2

We assume in this paper that a,b > 0. STL has a robust
semantics p?(z,79) € R which measures how robustly a
formula ¢ is satisfied by = at 79. Importantly, (z, ) E ¢ if
p?(x,79) > 0 [2]. We refer the readers to the definition of
robust semantics in [2], [31].

III. PROBLEM FORMULATION

In receding-horizon control, we are given a user-defined
planning horizon H < H —t. We are also given user-defined
cost functions ¢ : R” x R™ — R denoting the stage cost and
E : R™ — R denoting the terminal cost. At each current time
t € {0,...,H — 1} during planning, we(: )are askec(l )to find

t *,(t

an optimal sequence of control inputs v;"'", . .. sV Vid



Formula Encoding Rule (which we follow when constructing the CBF)

wH Vz € D, h™ (z,70) > 0 implies (z, 1) = m~.

Glap™ vt € o(a,b),Va € D,hC1at™ (z,¢') > 0 implies pu(z) > 0.

Flgpm" 3t' € o(a,b),Vz € D, hFlabl™ (') > 0 implies p(x) > 0.

p1Upq b2 BP0 012 (g5 ) := min(hy (, t), ho(x, t)) where 3t € o(a,b), Vo € D, ha(z,t') > 0 implies pp(z) > 0
and Vt" € 0(0,t"),Vz € D, hi(z,t"”) > 0 implies p1(z) > 0.

Gla,pp1 A p2 hCla b1 H1 B2 (z,t) = min(h1(z,t), ha(z,t)) where Vt' € o(a,b),Vz € D, hi(z,t’) > 0 implies p1(z) > 0
and ha(z,t’) > 0 implies pa(z) > 0.

Fla o)1 A pi2 RFlablF1AR2 (1 1) .= min(hy (z, t), ha(x, t)) where 3t' € o(a,b), Vo € D, hy(z,t') > 0 implies 1 (x) > 0

and hao(z,t’) > 0 implies pa(z) > 0.

w1 A p2Upg p) (2, 1) 3 A pa

AU b (@8 p3 A g (z,t) = min(hy (, ), . ..

,ha(z,t)) where

I’ € o(a,b),Vz € D, hz(x,t’) > 0 implies p3(z) > 0 and hg(z,t’) > 0 implies pa(z) > 0 and

vt" € 0(0,t'),Yx € D,hi(z

,t") > 0 implies p1(z) > 0 and ha (=

,t") > 0 implies pa(z).

- ==
AP_; i hNi=1%i (g, t) = min(hy (z,t), . ..

,hp(z,t)) where hi(z,t) is the CBF for ¢; following the recursive definition.

TABLE I: Candidate CBF functions for STL encoding

solving an open-loop optimal control problem (OCP)

O = B @

soe s Vi1 = argmin

Ut yeyUpp 1 —1EU
t+H—-1

+Z uT

Note that we use the superscript (¢) here to denote the
current time when we solve the OCP and the subscript to
denote the predictive steps. After solving the OCP at time
t, we plan in closed-loop by executing v; ® and incre-
ment the current time t to solve the OCP again'. Through
this procedure, we attain z*, which corresponds to the
closed-loop trajectory from the receding-horizon procedure.
Namely, z},, = f(z},v;’ (t)) with the closed-loop solution
* o (p(0) *,(H—1)

= (vg" 7, V5 )

) s.t. x(Ttil: F(a® u)}

v . Receding-horizon control al-
lows trajectories robust against system disturbances.

Problem 1: Given a system f, the initial state o, a
planning horizon H, and cost functions ¢ and E, design a
feedback control s.t. (z*,0) = ¢, where ¢ is a user-defined
STL specification. At each time ¢ € {0,...,H — 1}, we
would like to optimize the OCP defined in (2).

IV. SAFETY-AWARE-STL-MPPI

We propose safety-aware-stl-mppi to approach Problem 1.
The algorithm relies on MPPI [8], a sampling-based method
proposed to solve OCPs without constraint satisfaction guar-
antee. In an attempt to enable hard constraint satisfaction,
time-invariant CBFs were first considered in MPPI-CBF [32],
Shield-MPPI [33], and BR-MPPI [21] as a safety filter to
enforce non-STL safety constraints. Inspired by these works,
we propose to incorporate time-varying CBF in MPPI to
satisfy STL constraints. We first introduce how time-varying
CBF can be used to encode STL formulas, which we adapt
to discrete-time from [5], [34] where continuous-time CBFs
are discussed. This design choice is naturally motivated by
our formulation in Problem 1.

A. Time-varying Control Barrier Function for STL

Consider the system f and a function h : D x Z>o —+ R
where D C R"™ denotes the domain in which the system

"'As standard practice, # is shrunk when ¢ +H > H.

operates. We assume h to be differentiable in « and consider
a time-varying set C; == {x € D | h(z,t) > 0}.

Definition 1: Time-varying Control Barrier Function.
h is a candidate time-varying control barrier function (CBF)
to fif Cy # 0,Vt € {0,..., H}. A candidate CBF # is valid
if vVt €{0,...,H —1},Vz € Cy, Ju € U such that

h(f(z,

where « € (0, 1] is a positive constant.

Consider S(z,t) = {u € U | (3)}. We present Theorem
1, whose proof can be found in Appendix VIII-A

Theorem 1: Forward Invariance. Let o € Cy and
consider a sequence of inputs (ug,...,um—1) where u; €
S(xt,t). Then, x; € Cy,Vt € {O, .. ,H}

Given an STL formula ¢ from fragment (1), the goal
now is to design a CBF h®(x,t) such that h?(z,t) >
0,vt € {0,...,H} ensures (z,0) = ¢. We follow the
recursive semantics and start by considering the predicate.
Given a predicate 7#, we consider any function h™ such
that h™" (z,70) > 0 = (x,7) = 7*. A natural
choice for h™ is p if p is differentiable. Otherwise, we
consider a smooth construction (e.g. h™" (x,t) := a® — ||z||3
with scalar ¢ > 0 is used to encode 7* where p =
a — ||z||2). Since negation is only defined over predicates,
¢ can be assumed negation-free without loss of generality
[30] and thus the encoding for negation is ignored. We can
then design CBFs for more complex formulas recursively
following the encoding rules listed in Table I, where the
rows 2-4 encode temporal operators over predicates, rows
5-7 encode temporal operators over conjunctions, and the
last row encodes conjunctions over temporal operators. We
emphasize on the use of a smooth underapproximation of
the piecewise minimum operator mmLE{1 o} hi(z,t) >
mln(hl(aj )., hy(z,t)) = —In(>°F_ | exp(—h;(z,t))).
See concrete examples of constructed CBFs in Section V.
We emphasize that constructive synthesis procedures for
continuous-time CBFs are discussed in [35].

Note that the CBF encoded following Table I does not
necessarily guarantee C; # () for all ¢ € {0,...,H},
required for the candidacy in Definition 1. In fact, a deletion
mechanism can be considered to reduce conservatism [5],

u),t+1) — h(z,t) > —ah(z,t), 3)



which we summarize here for discrete-time: For any ¢ with
temporal operators, the general form of the constructed CBF
after encoding is h(z,t) = min(hq(z,t), ..., hy(z,t)) where
each h; corresponds to a temporal formula ¢; = Ty, 1,,,)®
or ¢; = @17}, 1,,,)%2 Where T is a temporal operator.
Note that after ¢;11, ¢; no longer needs to be enforced and
thus h; can be deleted from the set of arguments to min
after ¢;,41. We consider the following deletion strategy: Let
Ay (z,t) = {h1(z,t),... . hp(z, )} aﬂAtHlH(a:,t) =
A \ {hi(z,t)} and we set h(x,t) = min(Ay, (z,t)) when
t; <t <t;41. When several functions h; corresponds to the
same switching time, the deletion strategy can remove all
such terms simultaneously. We present Theorem 2, whose
proof is in Appendix VIII-B

Theorem 2: Safety from STL CBF. Given a formula ¢
following (1). Let x¢ € Cy. Suppose there exists a valid CBF
in the sense of (3) constructed satisfying the conditions in
Table I. Then, enforcing (3) in Theorem | implies (x,0) |= ¢.

Theorem 2 applies to a controller that enforces the exact
constraint (3). It does not directly establish STL satisfaction
for Algorithm 1, which replaces the constraint with a first
order approximation, which we discuss later in (6). Consider
an example with x € R, zo = -2, and ¢ = Gp109% >
—4 A Fjg 552 > 0. We construct a candidate CBF following
the rules of Table I where h®(z,t) := min(z + 4, k(z,t))
with k(z,t) == x + 5 — ¢ removed from the arguments of
min at ¢ = 6. Note that our construction has no guarantee
that h? is valid. We make Assumption 1, standard for CBF
in the MPPI literature [21], [33].

Assumption 1: S(xy,t) £0,Vt € {0,...,H —1}.
It is easy to show that S(x¢,t) is nonempty if &/ = R™
and f is feedback-equivalent to a single integrator z;,1 =
x¢ + u; when Cy is nonempty. Our algorithm requires aaif g
to be not identically zero (i.e., the CBF is of 1st order).
For formulas that result in high-order CBFs, we reduce the
order by substituting the forward dynamics following [21].
See example in Case D of Section V-A.

B. Model Predictive Path Integral

MPPI is a receding-horizon sampling-based strategy,
which we use to solve for v* in Problem 1. Given a fixed
horizon H, at each time t, we samgale K control input
perturbations w® = (w f(t wyy,_1) where wh(®) €
R™ x H for k € {1,...,K}, where K is a sampling size.
Further, we require wh® N (0,%,,) to be sampled from a
zero-centered Gaussian distribution with a noise covariance
of ¥,. Based on each sample, we can obtain a sample
rollout z¥ up to time ¢ +H using a sample control sequence
uP® = O 4 k) ¢ R™*H where v® is a nominal
control input. We can then compute a sample cost

t+H—-1
TR0 =BEG) + Y a0k 0) @
T=t

+y(D) sl O],

where? v > 0 is a regularization factor. Note that inherently
J* () does not contain any safety information pertinent to ¢.
As inspired by [33], we incorporate the CBF information in
the cost function by considering the safety augmented cost,

t+H—1
Jz»(t) — Jk’(t)+77 Z CCBF(mk,(t)7T)’
where Cepp(z®®) 1) == max{0, (1 — a)h‘b(;vlﬁ’(t),T) _

h¢($fff, 7+ 1)} denotes the CBF constraint violation. We
remark here n > 0 is a tunable hyperparameter. We also
remark that one can consider the robust semantics p¢ as
a part of the cost (as considered in [10]), but for general
STL this requires a shrinking-horizon rollout where H :=
H — t, which has a high computational cost. Standard in
literature, the next step is to assign a weight on each of
the sample cost based on the performance using Wk =
eXp[—%(Jg’(t) — minegq, . K}J b (t ))}, with A > ~, and
the optimal control sequence is expressed as a weighted
rollout v *) = Zszl Wk k(8) / Zle Wk Despite
Cepr, v ® is not guaranteed to satisfy the CBF constraint.
Standard procedure [33] considers a safety filter as adapted
below for our setting of time-varying CBF,

s*,(t)

+.(t) _

oZ |l (5)
h¢(x~(rt)> T) Z 70&h¢($$_t), T)a

v = arg HllIl |

s.t. h¢(f(z5>,v7),7+ 1) —

where 7 € {t,..

Lt+ Npand 0 < N < H — 1. Let
vse () — vi’(t)

for T > t+ N. One can forward vj™ (®)
to the dynamics and plan in receding-horizon with MPPIL.
One can use v ™", ... 7vf+H_1*’(t) as a warm-start for
time ¢ + 1. Note that (5) is generally nonconvex in discrete-
time. The standard procedure proposed in [33] to approach
(5) is to solve the following through a first-order optimizer
v on @ & arg max 30 min{o, h¢(m£til, T+1)+(a—
1)h¢(x(T ), 7)} which guarantees safety when the cost is zero
and when U/ = R™. Usually this is not run until convergence
in real-time. Moreover, the solution is not guaranteed optimal
to (5) even after convergence. Alternatively, a closed-form
solution is proposed in [21] for time-invariant CBF with
U = R™ using first-order Taylor expansion. Motivated by
[21], we propose an approximated quadratic program solved
in closed-form when U = R™.

C. Solving the CBF Constraint with Approximation

Since h?(z, ) is differentiable in =, we have by first-order

Taylor expansion around z, that h¢(f(z{”,v3),7 + 1) ~
L¢T
h¢’(x(7t)77+1)+% [f(:v(rt), v)— ()] Suppose
(@, 741)

®) . 9n?
Alzs’, 1) = G

€ R". Given the input-affine
(=, 7+1)

2Note that some work [21], [33] replace w(v.(rt))TEslw}:’(t) with other
action perturbation cost functions in (4). We use (4) for its consistency
with the original formulation in MPPI [8] and use (4) consistently across
baselines in Section V for fair comparison.
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Fig. 2: Example Trajectories Planned with safety-aware-stl-mppi (Limited Actuation).

Algorithm 1 Safety-Aware-STL-MPPI.

1: We are given ¢, H, f, E, and q.
2: We have constructed h?® following Section IV-A before
the closed-loop planning.
3: Suppose the current time is ¢. We are given hyperparam-
eters Xy, K, n,v, A\, V.
for k € {1,..., K} in parallel do
Sample wk ® — (wf’(t), . ,wf}r(;'{)il),
where W) ~ N(0,3,,).
Wk = () k(D). Jz,(t) 0.
forre{t Lt+H—1} do
Q) <—f( k(t) k(t))

7'+1
J(I; (1) (—Jk (t) + q( k,(¢) uk:,(t))
10: + 7 (v T B k)

+ 1 Cegp(z® 7).

R A

11: end for
12: J(’;’(t) — J:Z’(t) + E(x
13: end for n
. i (t

www—m[u¢bmmhmgw
15: o H (0 = SO k@ yk ) ) S ki),
16: {07 “;2} < (8) or (9).
17: Warm start with the new weighted rollout.
18: Execute 05"

: PR

k7(t))
t+H/"

dynamics f, we can approximate the constraint in (5) with

W@, 1) + A, DT [(fo(2) = 20)  (6)

+g(a)oz] > (1—a)h (@, 7),
which is affine in v{. We can therefore attain

05 ® = = arg mln {H’U+ ) 93| subject to (6)}, (7)

where vi*’(t) ~ 52 Consider all active
actuation limits el v: < Umax,; and — JT vi <
~Umin;,V(i,j) € A where A C  {1,...,m}%
Let II = (aCbe(x(T), 7),el,...,—el,...)" and
b= (bcbf(xg), T)s Umax,is - - - s —Umin, is - - -) Where

ab(@, 7)== =AW, )T (m‘ﬁ),
bep(z), 7) = (w ) (fo(xl) — 2+
h(2®), +1)+(a—1)h¢( t>,T)

Then, the constraints in (6) is equivalent to IIv: < b. We
can therefore write (7) in standard Quadratic Program (QP)

1
o3 =argmin{ (v — v ®) P — v ®)  @®)
| vy < b},
where P := I,, is the m dimensional identity matrix. The

QP in (8) can be solved efficiently at runtime and admits a
closed form solution when &/ = R", in which case we have

350 Lyt O _ g (ol o), ©)
— bept (2, 7)}/ lacse (@), 7)[13].

The derivation from (8) to (9) when under unlimited
actuation is standard, but we present it for completeness in
Appendix VIII-C. We summarize the safety-aware-stl-mppi
in Algorithm 1, which we call in closed-loop. Naturally,
along the closed-loop trajectory, we assume S (xr,7) £ 0
where S(z,7) = {v € U | aw(z,7)"v < bepg(,7)} and
that acbf(xg),T) # 0 at every state where (9) is applied.
Due to the approximation error, perfect safety is not guaran-
teed theoretically. We discuss how one can address this by
optional robustification in Theorem 3 in the Appendix.

W, 1) [max{0, agy(a1, 7)ot

V. EVALUATION

We evaluate safety-aware-stl-mppi via four artificial Mars
rover path planning case studies and a photorealistic sim-
ulation with a quadcopter. In the rover case studies, we
compare the algorithm with four state-of-the-art baseline
models (detailed in Section V-A) and discuss our advantage
in safety and low computation cost. We then simulate a drone
inspection task in Nvidia Isaac Lab [36], [37] with safety-
aware-stl-mppi. All experiments are run on a Dell G16 7630
Model with a 13th Gen Intel(R) Core(TM) i9 processor.

A. Mars Rover Case Studies

We consider artificial case studies where we simulate
safety-critical missions of a Mars rover. In each mission, the
rover is subject to a safety constraint defined in STL (e.g., to
return to home base before the battery dies out and to avoid
hazardous regions at all time). We consider four case studies
with different dynamics, goals, and safety specifications,
which we evaluate with and without actuation limit. In each
of cases A, B, and C, we consider a goal location to inspect,
incentivized by the terminal cost E(xt+H) = ||z er(;_L zgll2
where z, € R? denotes the goal location. In case D, we
simply set E(xf_ir(;{)) = 0. Let q(mg), u;) = 0 for all
cases. The purpose of the hypothetical goal locations is to



(a) Limited actuation

| Case A | Case B | Case C | Case D
Method | SRT Timing | | SR+ Timing| | SRT Timing | | SR+ Timing |
Safety-Aware-STL-MPPI (Ours) 100% 5.26 100% 8.80 100% 8.84 100% 17.93
Vanilla MPPI 100% 1.35 100% 3.32 0% 3.33 0% 5.97
Reach-avoid MPPI 100% 5.92 100% 7.31 0% 7.32 25% 17.05
Robustness-based MPPI 100% 190.35 95% 90.74 90% 90.84 55% 1060.55
Penalty-based MPPI 100% 191.16 80% 91.21 85% 91.34 60% 1057.51

(b) Unlimited actuation

| Case A | Case B | Case C | Case D
Method | SRt Timing | | SR+ Timing| | SRT Timing | | SR1 Timing |
Safety-Aware-STL-MPPI (Ours) | 100%  3.80 | 100% 740 | 100% 737 | 100%  16.39
Vanilla MPPI 100% 155 | 100% 331 0% 331 0% 5.90
Reach-avoid MPPI 100% 3.47 100% 5.19 0% 5.21 25% 14.55
Robustness-based MPPI 100% 202.87 100% 90.32 100% 90.31 55% 1057.29
Penalty-based MPPI 95% 203.45 100% 90.65 95% 90.59 60% 1057.07

TABLE II: Section V-A Evaluation Results.

show that safety-aware-stl-mppi is robust to adversarial (and
non-adversarial) cost objectives. We expect safety-aware-stl-
mppi to respect the safety constraint even if the goal is not
achievable in due time. All unit of time are seconds, which
we highlight with the s postfix in the metric interval of the
STL specifications. Since the experiment runs in real-time,
we set a sampling time of At := 0.01s between the two time
index ¢ and ¢ + 1. In all cases, the running costs are 0. For
validation, we draw initial positions randomly as specified
below and show examples of successful trajectories from
safety-aware-stl-mppi for all cases (with actuation limits) in
Figure 2°.
e Case A: Consider a nonlinear dynamics z¢4; =
sin(x;) + u; where x4,u; € R? and zp ~

(U(-3,-2),0)T where U(a,b) denotes the uniform
distribution over [a,b) and z, = (0,0). We are
given the safety specification ¢4 = Glos 1047 —

(7170)TH2 > 0.1 A F[Os,103]0-5 > ||l‘ - (Ovo)TH%
specifying the robot to at all time avoid a circle of radius
0.1 centered at (—1,0)7 and reach a circle of radius 0.5
centered at the origin between 0 and 10 seconds. The
actuation limit is (=5, —5)7 < u; < (5,5)7.

o Case B: Consider a single integrator dynamics x44; =
x; + u; where z,u; € R% 29 ~ (—20,U(0,2))7
and a goal location z, :== (—5,0)”. We are given the
following safety specification, ¢p = G, ]T( x) >
OAG[OS,lOS]S( ) 2 0AF[0575]4_[(3:[ ] ( [ ]
15)%] > 0A Fios, 10516 —[2[1]* + (2[0]+5)?] > 0, where
T(x) = max(z[1] + 2z[0] + 37, -1 — z[1], —21’[0}
z[1] — 39), S(x) = max(—11 — z[0], z[0] + 9, z[1] —
4,2 —z[1]), and max(ay, as,...) = & log(exp(Qay) +
exp(Qaz) + ...) with Q@ > 0 denotes smooth maxi-
mum. We set 2 := 1000. The formula specifies that
the robot should always avoid a triangle with vertices
(=20, -1)T,(-19,1)7, (—18,—-1)T and a square with
vertices (—11,2)7,(=9,2)T, (-11,4)T,(-9,4)T. We
require the robot to reach a circle of radius 2 centered at

3We emphasize that in Figure 2b, we plot exact traingle and squares
instead of smooth approximations.

(—15,0) in time interval [0s, 7s] and a circle of radius
4 centered at (—5,0)7 in time interval [0s, 10s]. The ac-
tuation limit is (—0.08, —0.08)7 < u; < (0.08,0.08)7
e Case C: Case C is identical to Case B but with the goal
location z, == (—19,15)7.
e Case D: We consider a double integrator dynamics
pit1| |12 I2| |pt 0
b = 16 il ] « [g]w v
I, is a 2—dimensional identity matrix. We consider
xo ~ (U(=9.5,-9),0,0,0)” and 13 circular obstacles,
shown in Figure 2d. Let the centers of each obstacle 7
be ¢, and we consider the safety specification ¢p =
(M21Gros109llp = ¢l > 0.5) A Fos 1092 — [Ip —
(0,0)T|| > 0, which means that the rover needs to avoid
all obstacles at all time and reach a circle of radius
2 centered at the origin in time interval [9s,10s]. The
actuation limit is (—20, —20)7 < u; < (20,20)7.
We construct candidate CBFs:

Ti41

ho4 (z,t) == min((z:[0] + 1)% + z,[1)* — 0.12,

— SEAE 9 — (0 + 1))
h®5 (x,t) == min(min(T(x), S(x¢)), Hﬁi(-?tm + 36—
z¢[1]2 — (2[0] + 15)%, —24tAt + 256 — (24[0] + 5)% — 24[1]?)),

hoP (2, ) = min(min, , ((,11[0] - ¢'[0])?

+ (@enll] = ¢ = 0.5, (a0 = 0D + (a0
— IR = 050,100 — 15 — (e 0 + a1 1))

—12 —
where min,_; means that min is applied 12 times. We switch

h?5 to min(min(T(z;), S(x4)), —24tAt + 256 — (24]0] +
5)2 — x4[1]?) at tAt = 7*. Note that h?¢ := h?2, Case C is
more difficult than case B in that , may not be achievable
given the specification, and the robot needs to obey the safety

4The reported results instantiate the switch at tA¢ = 7 rather than 7+ At;
this affects only the final discretization step of the Flg, 75) component.
Reported robustness values are computed by an independent monitor under
the exact closed-interval semantics and are therefore unaffected.



constraint even if it may not reach close to the goal location.

Baseline Models. We compare our results with four other
baseline models, all adapted to PyTorch [38] for consistent
comparison. In vanilla MPPI [7], we consider constant
penalties respectively for each violation of obstacle avoid-
ance and for when the robot does not satisfy the reach
requirement at time 7, where 7 € {t1,...,ta} with [t1, t2]
denoting the STL metric interval for each time operator in
sampling index’. In reach-avoid MPPI [12], we consider
a cost function c.(2%) = k.(|ps — p.|* — r2) for each
center of the circles to be reached p, with a sufficient
radius r, and a cost function c,(z¥) = k,/(max(||p; —
Doll, €5) for each obstacle center p, in the STL specifications.
Note that p, is not to be confused with z,. A composite
cost function Q(Zs.t4%) = max(Qr,, Qryy- -y Qoyy Qoy)s
where {ry,...} and {o1,...} denote the centers of circles
to be reached and of obstacles in the STL, is consid-
ered with Q, = max{co(x¢,),...,co(xt,)} and Q. =
min{c, (24, ), - .., c-(x4,)}, Where [t1, 2] are metric intervals
for the time operators®. We add the composite cost function
to the rollout costs. We use V h(f (e, ut))(f (x4, ue)—x¢) >
—ah(x;) as a time-invariant CBF filter. In penalty-based
MPPI (i.e. MPPI-STL) [10], a penalty function, I(a:k),
for the violation of the safety specification based on STL
robustness is augmented to the rollout costs. Before calling
MPPI, the paper relies on a hybrid A* guiding prior factored
into the cost function. We disable this pre-planning step to
compare the core MPPI algorithms under identical priors.
The paper did not specify the exact penalty, so we choose
I(x%) = —p?(@F)1(zF & ¢), where 1 is an indicator
function and p? is the robust semantics over ¢. An open loop
path integral optimization method, which we here denote as
robustness-based MPPI, is proposed in [11] with I(z*) :=
—p?(2*). The paper also proposes a hyperparameter tun-
ing procedure, which we have to disregard for a real-time
closed-loop implementation. Note that both penalty-based
and robustness-based MPPIs require the computation of STL
robust semantics, which must be executed in shrinking-
horizon (i.e., H := H —t+ 1 adapts online). The augmented
costs for each method are rescaled with weights’. We use the
same regularization and weighting schemes across baselines.
We specifically emphasize that none of the above methods
are designed for providing safety guarantee with STL under
arbitrary cost functions, and to the best our knowledge we
are the first work to address such problem with MPPI.

Results. For each case, we evaluate the experiment via
three metrics. Success Rate (SR) measures the percentage
of closed-loop planned trajectories over the 20 trials with
nonnegative robust semantics. For negation-free discrete-

SIn Case D, obstacle-avoidance predicates for Vanilla MPPI are evaluated
on a one-step-ahead kinematic surrogate, consistent with the CBF treatment
for higher-order dynamics.

SFor numerical robustness in discrete-time, we adopt a one-sample
temporal buffer when t1 > 0, evaluating Q, over [t1 — At, t2].

7For all methods that do not use a CBF projection, as standard practice
[39], we impose an action filter in the rollouts to bound the actions within
actuation limit during the rollouts.

time STL formulas with bounded metric intervals (which we
have in evaluation), a trajectory satisfies the STL formula if
and only if its robust semantics are nonnegative. Actuation
Limit Satisfaction Rate (ALSR) measures the percentage of
trajectories satisfying the actuation limit at all time®. Lastly,
timing, in seconds, measures the overall computation time
for the closed-loop planning (i.e. the time needed to solve for
z* in problem 1) averaged across the 20 trials. We show the
results across all baselines in Table II°. All methods achieved
an ALSR of 100% across all cases. Importantly, our method
demonstrates 100% empirical STL satisfaction rate in the
evaluated trials and computation efficiency under diverse
cost settings and environments. Vanilla MPPI is efficient
but violates safety constraints frequently. Reach-avoid MPPI
cannot generalize to complex STL tasks with tight timed
constraints. Robustness and penalty-based MPPIs suffer from
high computation costs due to the long-horizon rollouts and
do not have safety guarantee.

B. Quadcopter Simulation

We consider a drone planning simulation in an artifi-
cial factory environment in Isaac Lab with a Crazyflie
quadcopter. The environment consists of seven obstacles
including three package tables, one two-level stand and three
forklifts. We estimate the obstacles with infinite cylinder
bounding volumes, which we denote with C; where i €
{1,...,7}. We first consider a planning stage (with 200H Z
planning frequency) where we model the quadcopter with
a double integrator dynamics (see case D from Section V-
A but extended to 3 dimensions), where x; = (p;,v)
with p; = (p*,p%,p*)T € R? and v; € R®. We im-
pose an actuation limit of (—0.2,-0.2,-0.2)7 < wu; <
(0.2,0.2,0.2)7. The goal of the task is to safely navigate
near (0,0,1)7 without collision with the obstacles nor
the ground. Formally, we consider the safety specification
¢ = N_1Gos555(,Ci) = 0 A Gpsps(p” — 0.3) >
0 A Fiss 55)]lp — (0,0,1)7]] < 1, where S(p,C) denotes the
signed distance between p and set C. We consider 50 experi-
mental trials, where in each experiment, we use safety-aware-
stl-mppi to plan a trajectory. To allow a smooth trajectory
converging towards the goal with minimal actuation expense,
a stable height, and a small velocity, we consider a stage cost
of g(ar""), ) i= Ul 0 i — 1] + o7
and a terminal cost of E(for(g) = 0. See Figure 3a for an
example of a successfully planned trajectory, denoted by the
red waypoints. We show an example of the rollouts during
planning in Figure 3b, where the gray waypoints denote the
rollouts ¥ with K := 100 and the yellow waypoints are the
weighted rollout. We record the average time of 15.21 sec-
onds from planning across the 50 trials, with all executions
satisfying the actuation limit during planning. In the second

8We treat actuation as within limit if it lies within [Umin,i—€ Umaz,i €]
for all entries 7 with € := 10~ to prevent floating-point issues.

In Case A with limited actuation when evaluating safety-aware-stl-mppi,
one of the 20 trials terminated with an infeasible CBF-QP (Assumption 1
fails for that initial condition under the tight actuation bound); the planner
reports infeasibility rather than executing an unsafe action. SR and timing
are computed over the 19 completed trials.



(a) Example Planned Trajectory

(b) Example Planned Rollouts

Fig. 3: Quadcopter Simulation Example

stage, we track the planned waypoints with position update
through Isaac Sim API calls. We record that 100% of the
tracked trajectories satisfy the safety specification.

VI. CONCLUSION

In this paper, we propose safety-aware-stl-mppi, a
receding-horizon sampling-based planner under STL safety
specifications by integrating a time-varying CBF. We con-
ducted a series of case studies with Mars Rover planning and
a quadcopter simulation, which demonstrate that our method
maintains high safety and efficiency outcomes. The next step
will focus on extending the results to multi-agent tasks and
dynamics with uncertainty.
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VIII. APPENDIX

A. Proof for Theorem 1

Proof: The theorem can be proven by induction (similar
to the proof of Property III.1 in [33]): We assumed zg € Cp.
At step t, knowing a € (0, 1], we assume z; € C; and u; €
S(xy,t) and thus h(f (e, ug), t+1) > h(xg, t) —ah(z, t) >
0, which implies f(zy,u;) € Cpy1. [ ]

B. Proof for Theorem 2

Proof: ~We are given the condition zy € Cj.
From Theorem 1, we know z;, € C;, = 1 €
Cy for t € {t;,...,ti+1}. Since the exponential func-
tion is strictly positive and logarithm is monotonic, we
have h(z,tiy1) < h*(x,tip1) for all € D, where
ht(z,tix1) = min(Ays,, ,+1(2,t)) denotes the deletion.
The update is forward invariant (h(z,ti41) > 0 =
h*(z,t;+1) > 0). Since min lower-bounds each argument,
h®(z¢,t) > 0 implies h;(xs,t) > 0forallt € {t;,... tis1},
including the endpoint ¢;41; by the conditions of Table I
this implies satisfaction of each ¢;, and hence (z,0) = ¢
by induction on the structure of the formula: For an atomic
predicate 7#, the implication follows directly from the first
row of Table I. For G|, ), Table I gives the predicate at every
t € o(ro + a,70 + b). For Fi, ), Table I gives a witness
t" € o(ro +a, 70 +b). For U, y), Table I gives a witness for
the right operand and the left operand up to that witness.
Conjunction follows because the smooth minimum being
nonnegative implies every constituent barrier is nonnegative.

|

C. Derivation of Equation (9)

For simple notation, let * = 35" v+ = v ® ¢ =
acbf(m-(,—t),T), and b == bcbf(x(Tt),T). We assumed a # 0 in

Section IV. Assume U/ := R™. Then, we can write (8) as:
1
a5 _ in {1l — ot | oo < b
03 =arg min {5 [[v—v* | | av < b}

Suppose a”vT < b, it is intuitive to have 9* = vT because
this corresponds to an already safe action, and the optimal
objective cost is 0 and any 9° # vt will result in a straight
positive cost.

On the other hand, suppose a’vt > b. We have the
Lagrangian £(v, ) = %[lv — v > + p(a®v — b). By the
KKT conditions, the stationarity states 0° = vt — pa and
the complementary slackness states j(a”9* — b) = 0. Since
a”vt > b, the optimum must lie on the boundary and thus
a’d* = b. By substitution, we have a” (vT — pa) = b and
thus it must hold that z := (a”v*—b)/||a||3. Therefore, ©° =
vt —al(aTvt —b)/||al|3]. Note that here the KKT conditions
are sufficient and necessary since (8) is strictly convex with
affine feasible region containing nonempty interior.

Combining the above two cases, one can derive the closed
form solution ©° = v+ — a[max(0,a’ vt —b)/| al3].

D. Theorem 3

Theorem 3: Suppose VA? (-, 7 +1) is L, ,-lipschitz on a
set K, containing every segment {z + s(f(z,v) —x):s €
[0,1]} where v € U (i.e., |Voh?(x1,7+1) — Vi h (22, 7+
DI € Ly +||lz1 — 22|, Vo1, 22 € K). Assume also A, =
sup, ey ||f(z,v) — x|| < oco. Then (6) defines a subset of
the feasibility region to (5) if the right-hand side of (6) is
incremented'” by €, ; == Z5T A2,

Proof: Let us denote P(-) := h®(-,7+ 1) and d, =
f(z,v) — . We can show the local version of the descent
lemma. Per assumption, VP is L, --lipschitz on {z + sd, :
s € [0,1],Vv € U}. Suppose g, (s) = P(x + sd,), then

P(f(z,v)) — P(x)
1
_ / VP(x + sdy)dyds
0

=vP(z)Td, + /1(VP($ + sd,) — VP(z))Td,ds.
0

We then have by Cauchy-Schwarz and our lipschitz assump-
tion that

(VP(z + sd,) — VP(x))Td,

> = |[VP(z + sdy) = VP(z)]|l|dy]|
Z - L:n,rs||dv||2~

Therefore, we have

Loy
2

P(f(z,v)) = P(z) > VP(z)"d, — Ak

10The norms in Theorem 3 are Euclidean norms.


https://github.com/UM-ARM-Lab/pytorch_mppi

which holds for all v € . By assumption, we have ||d,| =
I f(z,v) —z|| < A, Vo € U. We thus have

P(z) + VP(z)"d, — %Ai < P(f(x,v))
Hence, if
P(z) + VP(z)'d, — L;’T
=h?(z,7 4+ 1) + Vb (x, 7 + 1)[(fo(z) — x)
Folep] - EETA > (1 - a)h(a, 7).

A2

then it holds that
h¢(f(l‘,’()),7' + 1) Z (1 - a)h¢(I7T).

|
By Theorem 3, we can derive a robustified algorithm
(which we call r-safety-aware-stl-mppi), where we replace
beoe(22”, 7) in (8) and (9) with b7 (23, 7) = baps (2, 7) —
€z, in Algorithm 1.
Computing L, ~ is generally nontrivial, and one can use
a heuristic sampling-based estimation

[Voh® (i, 7+ 1) = Voh®(z;, 7+ 1) .

Ly~ max
21,2 €Ky i i — ;]
(10)
However, for control affine dynamics f(z,u) = fo(x) +

g(x)u and boxed input constraints I, it is easy to show that

Ay = maXyevern(u) || fo(x) —z+4g(z)v|| where vert(-) denote

the set of box vertices. Since U/ is a convex hull of its vertices
k

wi, ..., w, for any v € U, we can express v = > . | \jw;

where \; > 0 are coefficients such that Zl A; = 1. Suppose

p(v) = ||(fo(x) — ) + g(x)v||2. Since p is convex, we have

k k

p(v) = p(z Ajw;) < Z Aip(w;) < mlaxp(wi)

i=1 i=1

and we can conclude that in this setting

A, = max [fol@) - o+ g(@)ols.
vevert(U)

We remark on the conservatism of this robustification. Also,
compared to safety-aware-stl-mppi, the robustified method is
more time consuming due to the computation of ¢, ..



	Introduction
	Related Literature

	Preliminaries
	Problem Formulation
	Safety-Aware-STL-MPPI
	Time-varying Control Barrier Function for STL
	Model Predictive Path Integral
	Solving the CBF Constraint with Approximation

	Evaluation
	Mars Rover Case Studies
	Quadcopter Simulation

	Conclusion
	Acknowledgement
	References
	Appendix
	Proof for Theorem 1
	Proof for Theorem 2
	Derivation of Equation (9)
	Theorem 3


